The strong decay patterns of Z c and Z b states in the relativized quark model
I. INTRODUCTION

II. THE MODEL
A. The relativized quark model
The relativized quark model is employed in our calculation due to its success in describing both the heavy and light meson spectra [66] . For the quark-quark interaction i(p i )j(p j ) → i(p ′ i )j(p ′ j ), the explicit effective Hamiltonian in the momentum space reads
where the p i(j) and p ′ i(j) are the momenta of the quark i(j) in the initial and final states. The λ is the Gell-Mann matrix. For an antiquark, it is replaced by −λ * . The V c , V l , V h , V so and V t represent the one-gluon-exchange (OGE) Coulomb-like interaction, linear confinement interaction, hyperfine interaction, spin-orbit interaction, and tensor interaction, respectively. Their explicit forms are
α k e −q 2 /4γ 2 k = 0.25e −q 2 + 0.15e −q 2 /10 + 0.20e −q 2 /1000 , (2) with q = p i(j) − p ′ i(j) , and P i(j) = p i(j) +p ′ i(j)
2
. The s i(j) and m i(j) represent the spin operator and mass of the quark with index i(j), respectively. The spin-orbit interaction is divided into two parts, i.e., V so = V G so + V l so , where the superscripts G and l indicate the interactions arising from the OGE and the linear confinement potentials, respectively. The α(q 2 ) is the running coupling constant calculated in perturbative QCD and parametrized by three Gaussian functions to simplify the numerical calculation. N f is the number of the quark flavors with much smaller masses than q 2 , Λ denotes the QCD scale.
Compared with the nonrelativistic quark model employed in Ref. [65] , two factors
are introduced to describe the dependence of the potentials on the momenta of the interacting quarks. Moreover, a smearing function
ij r 2 is introduced to account for the nonlocal effect, since the interactions depend on both P i(j) and q. The relevant parameters in Eq. (2) read
with σ 0 = 1.80 GeV and s = 1.55. We use the set of parameters [66] ǫ const = −0.168, ǫ so(v) = −0.035, ǫ so(s) = 0.055, ǫ tens = 0.025, m u(d) = 0.220 GeV, m c = 1.628 GeV, m b = 4.977 GeV and b = 0.15 GeV 2 , which are adopted because of their success in reproducing the meson spectra. The relevant spectra calculated in the relativized quark model are displayed in Tables V and VI in Appendix A, where the nonrelativistic quark model results and the experimental data are also listed for comparison. For the heavy quarkonium, the relativistic effects can be neglected due to the large masses of the heavy quarks. The mass spectra match the experimental data well in both the nonrelativistic and relativized quark models. However, the mass spectra of the open-flavor mesons in the relativized quark model fit the experimental data much better than those in the nonrelativistic quark model, especially for the radially excited states. It indicates that the relativistic effects are important in the open-flavor meson regime. For the light mesons, the relativistic effects are also not negligible. In Ref. [66] , the authors showed that the mass spectra of the light mesons and their excitations are well reproduced in the relativized quark model. Therefore one can also expect that the relevant decay amplitudes calculated in the relativized quark model are more reliable than those in the nonrelativistic quark model.
B. The quark-interchange model
The exotic heavy quarkonium-like states Z c (3900), Z c (4020), Z b (10610) and Z b (10650) are generally supposed to be the hadronic molecules composed ofDD * + c.c.,D * D * ,BB * + c.c. andB * B * , respectively. This is mainly because their masses are close to the thresholds of the corresponding components. However, the hadronic molecule interpretations are not well established yet. To understand these exotic states better, it is necessary to study their properties from various aspects. The strong decay modes of a hadron usually have close connections with its intrinsic structure.
For a hadronic molecule, we can describe its strong decays in terms of the near threshold scattering between the two hadron components. We consider the meson-meson scattering process
where q (q) and Q (Q) are the light and heavy quarks (antiquarks) in the mesons. To calculate the amplitude at the quark level, we employ the Barnes-Swanson quark-interchange model introduced in Refs. [68] [69] [70] . In this model, the meson-meson scattering amplitudes are evaluated at Born order with the interquark Hamiltonian, which are decomposed as where H 0 is the Hamiltonian of two free mesons, H I AB (H I CD ) represents the interactions between the mesons A and B (C and D). For a molecular state decaying into a heavy qaurkonium and a light meson, the heavy quark and antiquark in the initial open-flavor mesons have to form the final heavy quarknium state, therefore the short-range interactions are expected to play the dominant role in such decays. The molecular state wave function can account for part of the long-range effects, which will be discussed later. In Ref. [67] , the three-quark interactions in the baryons are treated perturbatively. Similarly, we do not take into account the three-quark and four-quark interactions in this work.
According to Eq. (6), we obtain the "Prior" and the "Post" T -matrix elements as illustrated in Fig. 1 and Fig. 2 , respectively. Their difference is referred as the "Prior-Post" ambiguity, which introduces the uncertainty to the decay widths and is expected to vanish if all of the pertinent wave functions are precise solutions of H 0 [68] . In this work, we take the average values of the "Prior" and "Post" decay widths to calculate the decay ratios.
At the quark level, the amplitude for a hadronic molecule Z c (Z b ) decaying into a charmonium (bottomonium) via emitting a light meson reads
where J (J ′ ) and J z (J ′ z ) are the total angular momentum and its z-component of the initial (final) state. Ψ is the meson wave function obtained in the relativized quark model in Sec. II A. It is composed of the φ f , φ c , and ϕ, which represent the flavor, color, and spin-space wave functions [2] , respectively. Correspondingly, the T -matrix element is factored into the product of three matrix elements I flavor , I color , and I spin-space . In the flavor space, the I flavor cancels out when we calculate the branching fraction ratios of the molecular states decaying into the ground and radially excited heavy quarkonium states. The I color takes 4 9 forandqq, and − 4 9 forinteractions, respectively. The ϕ rel AB (ϕ rel CD ) represents the relative wave function of the AB (CD) system in the momentum space. We assume the Z c (Z b ) state with J P = 1 + to be an S-wave molecule and neglect the contributions from the higher orbital excitations. Then, a Gaussian wave function is introduced to approximately describe ϕ rel AB :
where P A is the c.m. momentum of the constituent meson A, and β is related to the root mean square radius r 0 and momentum P 0 of the Z c (Z b ) state. The r 0 -dependence of the branching fraction ratios is discussed in the next section.
The I spin-space in Eq. (7) is the matrix element in the spin and spatial space and reads
where
withX ≡ √ 2X + 1. The Φ and χ represent the spatial and spin wave functions of pertinent mesons, respectively. For the meson M (M = A, B, C, and D), S M , L M and J M denote its spin, orbital angular momentum, and total angular momentum, respectively. In the S-wave molecular state, the J A and J B couple into the total angular momentum J. In the final state, the J C couples with J D to form the intermediate angular momentum J CD . Then, the coupling between J CD and the relative orbital angular momentum L CD leads to the total angular momentum J ′ . Via the spin rearrangement, we decompose the J (J ′ ) into the total spin S (S ′ ) and the orbital angular momentum L (L ′′ ) of the initial (final) state with the coefficients
represents the coupling of the orbital angular momentums. The L C and L D couples into L ′ , L ′ then couples with L CD into the total orbital angular momentum L ′′ .
We also decompose the V ij a in Eq. (2) into the spin and momentum space by rewriting it as
) denote the tensor operator of order t in the spin (momentum) space, and the f (q 2 ) is the scalar part of the potential. The detailed calculations of the spin-space factor I spin-space are discussed in the following sections.
We define the branching fraction ratios as
Some of the ratios have been measured in experiments, although with large uncertainties. We assume that the charged heavy quarkonium-like states Z c (3900), Z c (4020) and Z c (4430) are hadronic molecules composed of D * D , D * D * , andDD * (2s) orD * D(2s), respectively. To justify whether these assumptions are reasonable or not, we calculate the ratios defined in Eq. (11) by employing the quark models introduced in Section II. As illustrated in Eq. (2) and Eq. (9), the spin-orbit and tensor potentials contain a vector operator v 1 (q) and a tensor operator v 2 (q), respectively. They do not contribute to the S-wave decays because of L ′′ = 0||v 1,2 (q)||L = 0 = 0. The spin and spatial operators in the coulomb-like, the linear confinement and the hyperfine interactions are scalar. Then, these potentials contribute to the S-wave decays. Eq. (9) is simplified as
where we have used the v 0 (q) = 1 and omitted all the orbital angular momentums since they are 0. The spin operator is v(s) = 1 or s i · s j . We calculate the spin matrix elements using spin rearrangement and list the results in Table I . 
The results of the T1 (T2) are the same in the prior and post diagrams. The S and S z denote the total spin and its z-component of the state. [S A , S B ] S represents that the S A and S B combine into the total spin S.
are the overlap integrals of the wave functions and the interaction potentials. Their explicit forms are
the Y L CD m CD (Ω P C ) is the spherical harmonic function, the P A (P C ) is the c.m. momentum of the meson A (C), and m q (m Q ) is the light (heavy) quark mass. The integral of each diagram due to the linear confinement potential is divergent, but the singular parts exactly cancel out when summing up all of the four diagrams ("Post" or "Prior"), which arises from the different signs of the color factors for different diagrams. More details are given in the Appendix B.
The r 0 -dependence of the branching fraction ratios are displayed in Fig. 3 and Fig. 4 . It is obvious that the ratios increase with larger r 0 , which corresponds to the broader molecular wave functions. The wave functions of the states with the radial quantum number n contain n − 1 nodes. The interaction potentials also contain nodes.When r 0 is small enough, the nodes are located outside the integration. Then, the exotic state prefers to decaying into the ground heavy quarkonium via emitting a light meson due to the phase space. The decay ratio is smaller than 1. When the r 0 increases, the nodes from the potential and the radial excited states may be contained in the integration. In the decay into the ground heavy quarkonium, the parts of the integrals before and after the potential node interfere with each other destructively. In the decay into the radial excited heavy quarkonium, the nodes in the wave functions interfere with those in the potentials. This may lead to the enhancement of the decay amplitude. Thus, even with smaller phase space, an exotic state may decay into a radial excited heavy quarkonium more easily. More interference effects are included with broader molecular wave functions. Then, the ratio increases with larger r 0 . When the r 0 is large enough, the tails of wave functions enter the integration and slightly influence the numerical results. The decay ratios tends to be stable. The formation of the hadronic molecules is usually supposed to be dominated by the longrange interactions between the components, for intance, the one-pion exchange potential. The r 0 is related with the effective range of the potential, and its typical value therefore can be estimated to be 1/m π ∼ 1.5 fm. We calculate the decay ratios when the r 0 lies in the range of 1 ∼ 2 fm and list the numerical results in Table II. The R Zc(3900) 2 is much smaller than 1, indicating that the branching fraction of Z c (3900) into J/ψπ is much larger than that of ψ(2S)π. Interestingly, R Zc(4020) 2 is around 1. When r 0 = 1.5 fm, we find that |T (Z c (3900) → ψ(2S)π)/T (Z c (3900) → J/ψπ)| ∼ 1.8 and |T (Z c (4020) → ψ(2S)π)/T (Z c (4020) → J/ψπ)| ∼ 2.5. It implies that both the D * D and D * D * molecules couple to ψ(2S)π more strongly than to J/ψπ. The smaller partial width Γ(Z c (3900) → ψ(2S)π) is due to the fact that the phase space of this channel is smaller, and the partial width is sensitive to the final state momentum. The Z c (3900) is observed in the J/ψπ invariant mass spectrum, which is consistent with our prediction that the ratio R Zc(3900) 2 is much smaller than 1.
In the e + e − → ψ(2S)π + π − process, an obvious resonance-like structure around 4.03 GeV is represents the decay ratios of the Z c (4430) composed of D * D (2S) or D * (2S)D. "..." denotes that the corresponding experimental result is absent. observed in the ψ(2S)π ± invariant mass spectrum for data at the c.m. energy √ s = 4.416 GeV [64] . This structure can be identified as the Z c (4020). The resonance-like structure around 3.9
GeV can also be seen in ψ(2S)π ± distributions at some c.m. energies, but this structure could also arise from the reflection effect of the other structure around 4.03 GeV in the Dalitz plot. Due to the complexities of the Dalitz plots for the e + e − → ψ(2S)π + π − process at different c.m. energies, the BESIII collaboration did not give a definite conclusion in their paper and claimed that their fit cannot describe the data well [64] . The experimental ratios R Zc(3900) 2
and R Zc(4020) 2
are thus still unknown.
The mass of Z c (4430) is close to the threshold ofDD * (2S) orD(2S)D * , and the more favorable quantum numbers are J P = 1 + . Due to these properties, the Z c (4430) has ever been identified as a molecular state composed ofDD * (2S) orD(2S)D * . We display its strong decay ratios with different r 0 in two configurations in Fig. 3 . We find the decay ratio R Zc(4430) 2 < 1, which is much smaller than the estimated ratio ∼ 10 in experiments. Without introducing any other dynamic mechanisms, this result implies that the assignment of a pureDD * (2S) orD(2S)D * hadronic molecule for Z c (4430) is not favourable. The ratio R Zc(4430) 2 calculated in this paper is different from that estimated in the naive nonrelativistic quark model [65] , which shows the model sensitivity of numerical results. This model sensitivity can be partly ascribed to the uncertainties of the relevant wave functions. As listed in Tables V and VI, the relativized quark model reproduces the charmed and bottomed meson spectra much better than the nonrelativistic model. Thus, the relativized quark model is more suitable in describing the hadronic molecule decays discussed in this paper.
Varying r 0 in the range of 1 ∼ 2 fm, we list the theoretical values of R Z b 2,3 in Table II . The calculated ratios R are still of the same order as the experimental values. As a relatively weak argument, these theoretical results to some extent can support the assumptions of identifying Z b (10610) and Z b (10650) as the B * B and B * B * molecules, respectively.
For the decays Z c(b) → h c(b) (nP )π, there is a P-wave orbital excitation between the two hadrons in the final state. Since the masses of Z c (3900) and Z c (4020) are supposed to be below the h c (2P )π threshold, we do not discuss the ratios in relevant with the Z c states. For the two Z b states, the h b (1P )π and h b (2P )π, we define the branching fraction ratiõ
In the decay process, the total spin S = 1 in the initial state flips into the total spin S ′ = 0 in the final state, while the initial orbital momentum L = 0 flips into L ′′ = 1 in the final state. Since 1||v 0,2 (q 2 )||0 = 0, the OGE Coulomb-like, the linear, the hyperfine and the tensor potentials do not contribute. For the spin-orbital potential, the spin operator v 1 (s) = s i is a vector. The reduced matrix element for the s q is,
where s q (sq) and s Q (sQ) are the spin of light and heavy quarks (antiquarks), respectively. S 14 and S 23 represent the spin of the two light and two heavy quarks in the initial state, respectively. The calculations of the reduced matrix elements for the sq, s Q and sQ are similar. We list the results in Table III . For the spatial reduced matrix, there is a relation
For the decay Z b → h b π, one has L = L z = 0, t = 1, and L CD = L ′ = L ′′ = 1. The calculation of the I space is similar to Eq. (13). The r 0 -dependence of the ratioR Z b 2 is illustrated in Fig. 4 . In this figure, we find that theR Z b 2 increases with larger r 0 . The Z b (10610) and the Z b (10650) prefer to decaying into the h b (2P )π channel when the r 0 are larger than 1.0 fm and 1.7 fm, respectively.
IV. SUMMARY
In this work, we assume that the Z c and Z b states are hadronic molecules composed of openflavor mesons. In the framework of the relativized quark model and the quark-interchange model, we calculate the branching fraction ratios of Z c (Z b ) states decaying into ground and radially excited charmonia (bottomonia) via emitting a pion meson. These ratios can be compared with the experimental data, which are useful in judging whether the molecule state assignment for the corresponding Z c or Z b state is reasonable or not. Our calculations indicate that the Z c (3900) and Z c (4020) have a larger coupling with ψ(2S)π than J/ψπ. However, constrained by the phase space, the partial width Γ(Z c (3900) → J/ψπ) is much larger than Γ(Z c (3900) → ψ(2S)π), which is consistent with the current experimental observations. However, the explicit values of R 
also approximately falls within the range of experimental values, which implies the B * B /B * B molecule assignment for Z b (10610)/Z b (10650) is favorable.
It should be stressed that our calculations are based on the assumption that the Z c and Z b states are hadronic molecules, and we use the Gaussian distribution functions to describe their relative wave functions. This simple assumption about the formalism of molecular wave functions will definitely bring some uncertainties to the numerical results. Fortunately, we notice that the decay ratios are not very sensitive to the free parameter r 0 of the wave functions.
The theoretical framework used in this work will be helpful in revealing the underlying structures of some exotic states. And it is also very promising that the predictions based on this frame- [65] , and in experiments [76] , respectively. work could be checked in the near future with the huge data samples accumulated by the BESIII, LHCb, Belle and Belle-II collaborations.
B. I space
The linear confinement effect V l contributes to the S-wave decay amplitudes. In Eq. (13), the I space in relevant with V l is
where z = µ + 1 2σ ij 2 . q 0 and µ are parameters in relevant with the momenta and masses of the mesons in the initial and final states. Their explicit forms are referred to Ref. [69] . When q = 0, there is q 0 = 0. The divergent terms in the Prior or Post diagrams cancel out exactly due to the color factors.
For the P-wave decays, the spin-orbital effect V G,l so contribute and is factorized as f (q) (q×P i )·s i m 2
. The I space is,
The divergences arising from the two integrals are 
At q = 0, the two singular parts cancel out.
